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Abstract—Based on rigorous kinematical analysis, a unified representation of displacement vari-
ation through the thickness of laminated shells is derived in the present paper, and then an approxi-
mate theory of laminated shells accounting for continuity of displacements and transverse shear
stresses at layer interfaces is established. The governing equations contain only five unknowns.

NOMENCLATURE

vV space occupied by the shell
Vi (m=12,...,k) space occupied by the mth layer

0) bottom surface of the shell
Qi top surface of the shell
Qy m=12,.. k=1 interface between the mth and (m+ 1)th layers
A lateral surface of the shell
h total thickness of the shell
6, (m=12.. k) distance between Q,,,, and Qﬁo” 0}, =0and 6}, =h
R =R(#',6? position vector of a point (8", 6%) on Q,,
r=r(0',0%6% position vector of a point (8',6% 6% in V'
a, covariant base vectors, given by a, = R,
g covariant base vectors, given by g, =r,
oF differentiation with respect to '
1. covariant derivative in V with respect to ¢’
). covariant derivative on Q, with respect to 6%
&t mixed Kronecker delta
E4p covariant components of the two-dimensional permutation tensor
74 mixed components of the shifter tensor
bt mixed components of the curvature tensor
u determinant of the shifter tensor
t time.

1. INTRODUCTION

A laminated shell can be regarded as a heterogeneous body consisting of a finite number
of homogeneous anisotropic layers bonded together. Investigation on such shells has
received great attention in the past three decades, and a variety of laminate shell theories
have been presented by many authors. From a theoretical point of view, one of the central
issues of various theories is how to account for the effects of transverse deformation. This
is because the ratios of the transverse shear modulus to the in-plane modulus in the shells
made of advanced composites are much lower than those in the shells made of classical
metallic materials, and consequently, the transverse shear deformation plays a more remark-
able role in affecting the mechanical behaviours of the laminated shells.

According to different approximations of the displacement field, the existing laminated
shell theories could be divided into two kinds, i.e. the global approximation and discrete-
layer approximation theories. In the theories of the first kind, the displacement field of a
laminated shell is assumed to be continuously and smoothly distributed across the entire
thickness, and the laminated shell is actually replaced by an equivalent single-layer aniso-
tropic shell. Examples of these theories are the first-order shear deformation theories based
on the linear variation assumption of the displacements in the thickness direction (Dong and
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Tso, 1972 ; Vasilenko, 1987 ; Palmerio et /., 1990), and the higher-order shear deformation
theories based on the nonlinear variation assumption of the displacements in the thickness
direction (Whitney and Sun, 1974 ; Librescu, 1975, 1987; Reddy and Liu, 1985; Stein,
1986 ; Reissner, 1987 ; Doxsee, 1989 ; Touratier, 1992a, b). The advantages of these theories
are that the order of the governing equations is independent of the total number of layers,
and the theories are adequate in predicting the global responses of the shells, such as
deflection, buckling load and vibration frequency, etc. However, the theories do not fulfill
the compatibility conditions (i.e. the continuity conditions) of transverse shear stresses at
layer interfaces because the strain field is continuous. In the theories of the second kind,
piecewise, layer-by-layer displacement or transverse shear stress assumptions through the
thickness are introduced. For example, the theories based on piecewise linear approximation
for the in-plane displacements and constant transverse displacement in the thickness direc-
tion (Zukas and Vinson, 1971 ; Epstein and Glockner, 1971 ; Grigolyuk and Chulkov, 1972
Librescu, 1974), and the theories based on piecewise continuous approximation for the
transverse shear stresses (Hsu and Wang, 1970; Rath and Das, 1973; Grigolyuk and
Kulikov, 1984). Although the discrete-layer approximation theories are very accurate in
general, they are quite cumbersome in solving concrete problems because the order of their
governing equations depends on the number of layers of the shell. In addition, since, in the
theories based on piecewise linear approximation for displacements, the transverse shear
stresses are constant within each layer, the compatibility conditions of these stresses are
also not satisfied. In view of these reasons, Di Sciuva (1987) has proposed a simplified
discrete-layer theory with only five unknowns for describing the deformation of the shells
by firstly assuming the in-plane displacements to be piecewise linearly distributed through
the thickness, and the transverse displacement to be independent of the thickness coordinate,
and then imposing the continuity of transverse shear stresses at layer interfaces. A similar
laminated shell theory incorporating the geometrical nonlinearities has been proposed by
Librescu and Schmidt (1991). Nevertheless, in their theories the transverse shear stresses
are uniform across the entire thickness of the shell, and therefore, the compatibility con-
ditions on the external bounding surfaces are not fulfilled either. In spite of this, the work
of Di Sciuva (1987) has provided a good background to the later investigations. Recently,
several authors (Savithri and Varadan, 1990, 1993; Di Sciuva, 1991, 1992; Cho and
Parmerter, 1992; He, 1993) have modified the displacement assumption in Di Sciuva’s
theory (1987), and developed some third-order shear deformation plate theories with
continuous interlaminar stresses.

The object of this paper is to present a laminated shell theory, which not only satisfies
the compatibility conditions of transverse shear stresses both at layer interfaces and on the
bounding surfaces, but also is relatively simple for solution. Firstly, an exact unified
representation of displacement variation through the thickness of a laminated shell is
obtained by rigorous kinematical analysis. To the best knowledge of the author, similar
work has not been found in the field literature. Then, by taking certain approximations for
the representation of displacement variation and imposing the compatibility conditions of
transverse shear stresses at layer interfaces as well as on the bounding surfaces, the number
of unknown functions contained in the approximate displacement expressions is reduced
to five. The governing equations and the associated boundary conditions, which are in
terms of the five unknowns, are obtained by using Hamilton’s principle.

2. UNIFIED REPRESENTATION OF DISPLACEMENT VARIATION

Let us consider an undeformed laminated shell consisting of a finite number k of
homogeneous anisotropic layers with uniform thickness in a curvilinear coordinate system
{0’} (i = 1,2,3). As shown in Fig. 1, the reference surface Q,,,, defined by 6° = 0, coincides
with the bottom surface of the shell, and the 6°-coordinate-line is perpendicular to Q. In
this paper, the Einsteinian summation convention applies to repeated indices, where Latin
indices range from 1 to 3 while Greek indices range from 1 to 2. Let Q, denote the top
surface of the shell and Q,,, (m=1,2,...,k—1) the interface between the mth and
(m+ 1)th layers. Then, the space ¥ occupied by the laminated shell is divided by the (k—1)
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Fig. 1. The geometry of the laminated shell.

surfaces Q,, (m = 1,2,...,k—1) into k subspaces Vi, (m =1,2,...,k) corresponding to
the k layers. The range of ¥, in the °-direction is [6;,... 1), 0(,] form = 1,2,...,k—1, and
[00— 1), 03] for m = k. Here 6, (m=0,1,...,k) is the distance between Q,, and Q.
Obviously, 8¢y, = 0and 83, = h, where his the total thickness of the shell. After deformation,
it is assumed that the displacement vector v,,,(6'; f) of a point in the mth layer is sufficiently
smoothin ¥, in the sense that it is differentiable with respect to 6 as many times as needed,
and can be extended sufficiently smoothly in V. So the displacement vector v(6°; f) of any
point in ¥ can be expressed as

k—1
V(050 = vy (05 0+ Y [Vons (075 ) =V (8'; DIH(6° —65,), )
m=1

where H(0° — 8y, is the Heaviside step function,

o 1 for 6°>6},,
HO =) = Y0 for 0° < 603, ¥

Since the vector v(6, 1) is continuous in V, it requires that

V(m+l)(9°‘,0(3m);t)—V(m)(G“,Ogm);t) =0, m = 1,2,...,k—1. (3)

By using Taylor expansion and eqn (3), one obtains:
vy (05 ) = Y u(6%; H(9%)";
n=10

Vonr (855 D)=V (@5 0) = Y ul (6% 0(6° —6},)", m=1,2,...,k—1. (4a,b)
n=1

Thus expression (1) becomes

k—1 o

V(O ) =u@0* 50+ Y Y u@h (65 0(0° —00,)"H(0° —05n) &)

m=0n=1

in which u{$}(6° ; 7) corresponds to the displacement vector of a point on Q).
Introduce covariant base vectors a;, g;, and contravariant base vectors a',g’, in the
undeformed state of the shell. All of these vectors are defined by
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a, xa,
a, =R, a;,=-——> (a xay) a;>0,
o 0 3 Ialxa2| (l 2) 3

g =r, (8 x8g)g >0 aa;=27; a’=a,, g "gp = 0j, g’ =g, (6)
where R = R(#") and r = r(8") denote position vectors of a point on Q, and a point in V,

respectively ; ( ), denotes differentiation with respect to 6', and 4} is the mixed Kronecker
delta. Due to r = R+ 6°a;, there exist the following relations (Naghdi, 1972):

g = ﬂfa/f, g; = a3, g = “N;”a{
g'=a’, g=gs8, 2 =97
a, = aza’, a* = a’a,, 7
in which
R L AR

b= —as,d’, gp=g.8 g%=g¢,

Ay = 8,0, a¥ =a*-al @®)

Here u = det (uj) is the determinant of g ; ¢ and g, are the covariant and contravariant
components of the two-dimensional permutation tensor, respectively, which are defined by

et = (a*xa')-a’, ¢, = (ayxa,)a,. 9)

Then, eqn (5) can be written as the following component form with respect to a':

k—1 «
V; = u§8§i+ z Z ”52)[(03_93m))nH(93—0(3m) 5 (10)

m=0 n=1

where v, and u};, are components of the vector v and u{,) with respect to a', respectively.

3. APPROXIMATE EXPRESSIONS OF DISPLACEMENTS AND STRAINS

To develop a practical theory of laminated shells, the following approximation of the
displacement expression (10) is taken :

k—1
Vo = ua+¢a03+¢a(93)2+na(03)2+ Z u(m)a(93_0(3m))H(93_0(3’"))’
m=1
Vi3 = U3, (lla, b)

where u,, us, ¥,, @,, 1, and u,, replace the quantities ulg),, u{a)s, U{o}e> Ul Uld)e aNd UL,
in eqn (10), respectively. The strain components of the shell can be obtained by the formula :

ey = 3y +uy), (12)

where e,; are the components of strain tensor; ( );; denotes covariant derivative in ¥ with
respect to 6/; and u, are the components of the displacement vector v with respect to g'. For
example, by using some of the following relations [see, for example, Naghdi (1972)]:

U= iivg, Us=vy, U=y W, U=V,
Uallﬁ = #;(va—bvpvs), Uiz = tavy s,
Uspy = vau+byv,, Usps =33, (13)
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and eqns (11a,b), (12), the transverse shear strains are obtained as

€y3 = %(‘/’a +Us, +b5uﬁ) +(pa03 + %(3’701 _bg(pﬂ)(03)2

1 k-1
—bgﬂﬂ(93)3+§ Y (=00 b umpH(O® —65).  (14)
m=1

Here (), denotes covariant derivative on Q,, with respect to 8*. To maintain the uniqueness
of the base vectors g; at layer interfaces, in the above relations as well as in the following
developments all derivatives are stipulated as right-hand derivatives, so that
H,(0°-6.,) =0.

In order to reduce the number of unknowns in eqns (11a,b), the compatibility con-
ditions of transverse shear stresses at layer interfaces and on the bounding surfaces will be
used in the following content. For this reason, the constitutive equations of the material of
the shell are considered first. As is Librescu (1975), the three-dimensional constitutive
equations associated with an elastic anisotropic body may be expressed as

o = H¥%e,,, ¢ = 2E*%%,,, (15a,b)

where ¢” are components of stress tensor ; E¥*! are components of the elasticity tensor with
the symmetry properties E¥*' = E*i' = E/*! = EY'* and H**** are defined by

. Eaﬂ33E33wp
Hebor — pebop _ VR (16)

In eqn (15a,b), the transverse normal stress ¢? is ignored, because in the interior region
of the shell except the boundary layer (whose width is of the order of the shell thickness)
it is much smaller than other stress components.

For the purpose of simplification, assume that no tangential tractions are exerted on
Q) and Q. With eqn (15b), the compatibility conditions of transverse shear stresses on
the bounding surfaces of the shell are written as

2ER%e,5(69,050) = 0, 2ER"e,3(6 h;i) =0, (17a,b)

where EJ% are components of the elasticity tensor associated with the mth layer. Since
det (E**%) # 0, it is not difficult to obtain the following relations from eqns (14) and
(17a,b):

l//az = —U3,— bguﬁa

3 1 h 1 k—1
(o)1 = e (0282 o g T GOty 188

In eqn (18b), the determinant of the coefficients of 5, is

3 3Y
s_ 2 )= (= )g
det (b" 2h ‘5“) <2h> #

where i stands for the value of u at 8° = ZA. Due to ji # 0 (Naghdi, 1972), eqn (18) gives:
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k-1
}’[1 = dg(pﬁ+ z f{im)au(m)ﬂ* (19)

m=1

in which
Bt (2065 —350) 2] b))
«= ona :
608" (2hbT —359)(0 — 03, bt

Pl = 205 9h2?( mb3) (20a,b)

Similarly, with eqn (15b), the compatibility conditions of transverse shear stresses at
layer interfaces can be written as

2E N e,(0%, 00 ; 1) = 2ER”? lirg eu3(0%,05—e;0, (i=12,....k—1). (21)

Substituting eqn (14) into (21), and using eqns (18a) and (19), one has:

k—
a?w'&(a (ﬂbz))u(ru+2(El(113:)l3)_E:t)3w3 {z [Zf‘(m)w(o(}i))2

) 1 i—1
— b5, s (00)) Tumys + 5 Zl G 93m)bé,)u<m>a}
= AER —EZe0)0400 +1(3d., —bL)(05) — b5 d5(63) 1 0s.  (22)
In fact, eqn (22) can be regarded as 2(k — 1) linear algebraic equations of 2(k — 1) unknowns

Umi (m=1,2,...,k—1). Under this consideration, the following relations between u,,;
and ¢, can be obtained from eqn (22):

Ui = ApiPs (23)
where aj;, depend only on the curvature of Q,, i.e. ¥, and the material properties of

various layers. For a given laminated shell »% are determined, therefore, all a},, are known
constants. Combining eqn (23) with (19) yields:

Na = Ca®ys (24)
where
k—1
C; = d:t+ Z f?m)aazm)ﬂ' (25)
m=1

By substitution of eqns (18a), (23) and (24), the approximate displacement expressions
(11a,b) become :

Yy = #guﬂ_BBuB,a+h£(pﬂa V3 = Us, (26a,b)

where #f are known functions of 6° defined by
k—1
hg = 5£(93) 2 + 65(03) } + Z a'gm)m(g3 - 9(3m))11(03 - 9(3m))- (27)
m=1

Then, from eqns (12), (13) and (26a, b), the associated strain components are obtained as

€xp = S(uatts g + ppptt | s + Sk (s | g + upsiz )
—3(uzb s+ WD)y — 30° (Uasts 5+ pptts )
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+ 3l g+ uphl ) @i+ 3 (ol s+ peals),
e = 3(ehl s+ BiH)o,, e33=0. (28a—)

4. MOTION EQUATIONS AND BOUNDARY CONDITIONS

In the derivation of the motion equations and boundary conditions, use is made of
Hamilton’s principle :

J (J a"fée,.,dV—j p(‘J"aU,.dV—j f"éU,-dV—j s‘éU,-dA—I p‘éU,-dQ)dt=0,
0 14 14 v A Q
(29)

where a superposed dot denotes differentiation with respect to time ¢; p is mass density ; J
is variational operator; f* are components of body force; s* are prescribed components of
stress vector per unit area of undeformed lateral surface A of the shell ; and p’ are prescribed
components of stress vector per unit area of the surface Q comprising Q,q), where 6° = 0,
and Q,, where 6° = h.

By using eqns (26a, b), (28a—), (13) and (29), assuming that p = 0, and performing
integration through the thickness of the shell, the following motion equations are obtained :

M“)“”|5-—N“)“ = I(')ﬂ“iiﬁ—I(Z)ﬁ“uw+I(3)ﬁ“(ﬁﬁ—F(')°‘,
M(2)1ﬂ|w+N“)3 — I“)33ﬁ3 +I(2)ﬂa|ﬂaa+1(6)uﬂ|ﬁ¢u +I(2)ﬂ“ii,,|,g
+I(6)aﬁ¢a|ﬁ—1(4)aﬂ|ﬂﬁ3,m _1(4)uﬂﬁ3‘aB_P3 _F(1)3_F(2)H|B’

M(S)aﬁlﬁ _N(Z)a _N(B)a — I(J)aﬂu‘ﬂ +I(5)ﬂd¢p _1(5)01/31‘4'3,3 _F(J)a_ (303—0)

The boundary conditions are :

M(”“’ﬁn,g = S or du, =0,
[H(MP% 4 MDY+ FPPpy = SD3 or  duy =0,
MOy, = O or d¢,=0,
LM% 4 YDy = SO or duy, =0, (31)

where
h
[N, N®"] = f LK 5, Kol 46,
h

h
N = J o H 5 + B P, N = f o dbypu A6,
V]

0
h
(MO, MO, M) = L o 33, 0785, 5] p 46°,
[I(I)uﬂ’ I(Z)aﬂ’ I(J)aB’I(4)aB,I(5)aﬂ, 1(6)aﬁ]

h
= f pa” (s, 0°8uh, uhhs, (0°)*300%, Mokl 0° 051 d6°,
0

h
J(»33 =.[ pu do3,

0
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h h
{F‘ ”“,F‘z”‘. F(3)a] — J‘ fv#{'f[#z’635;, ;}u d63. F(l)3 — j fEH d@ls
o g

h

h
[S(l)a’ S(Z)a’ S(B)cx] — J' Svﬂ[;u:, h?f’ 0363‘]nﬁ“ d03’ S(”3 = f s3ﬁnﬂu d035
0 0

P’ = gy Py + Pioys 32)

and in addition, 57 are components of s* with respect to g,, uy, is the value of u at 6° = h,
i, and p, are normal loads acting on Qy, and Q,, respectively, and ng are the components
of the outward unit vector normal to the boundary of Q.
Substituting egns (15a, b) and (28a, b) into the first six equations in (32) yields:
N(})a _ A‘”“‘iu(;+A(2)“6<p5+B(l’“ﬁ"ugl,,—~3(2)“’s"u3_,;p+B‘3)“5"(p51,,—A“)°‘3u3,
N(2)a — A(Z)aéua+A(3)a6¢6+B(4)a5pu&]p_B(5)mépulap+B(6)a6p(pé‘p_A(2)a3u3’
N(S)a — A(A)ué(pé’
N3 = A(1)§3u6+A(2)(33(p6+B(])ﬁp}uélp__B(Z)&pSua‘ap+B(3)5p3(p&‘p~A(l)33u3’
MW = givsas, B(4)6a5@5 + C{i)aﬁéﬁuélp“ C(Z)aﬂépasvép + C(B)aﬁé;}(Pélp_B{l)aﬁBu}’
M = BBy | OV | COWBooy | CDuBoy g COMBIg, . BBy,
MOF B(3)5a;3u5 +B(6)(5aﬁ¢§ + C(3)mﬁépu5§p,__ C(S)“ﬁé”u&&g -+ C(é)uﬁépqpéip_B(S)aﬁu}’ (33)
where A™Y, B and C™*% are defined in Appendix A. Then, by substituting eqn (33)
into (30a—<) and (31), the motion equations in terms of the five unknowns u,, u; and ¢,
are obtained as
D(l)u6u6+D(2)aé(pd_ _{_A(l)m}u3 +G(l)aépu6|p+G(2)a6p¢rslp_‘B(l)ap3u3‘p
+ C( !}m869u619ﬁ+ C{3)aﬁép<pélpﬁ _ 6(3):1&;)“3.6” _ C{z}a&i’ou&ap;}
- I(nﬁaaw__I(z)f;aﬁs‘ﬂ+1(3)ﬁa¢ﬁ —Fe
D(l)35u5+D(2)Sé@é_D(!)33u3+G{!}3«5,0“6{‘}_{__G(Z)Sép(pé{p__pﬁnpu}ﬁ
+K(|)6pau¢5|pa +K(2)6pw&|m ”‘G(S)}dpus.ap + C(2)r5paﬂu6|paﬂ
+ CObop @5l pap ™~ K3y 38 = Cry 3,3p2p
—_ 1(1)33ﬁ3 + [ 'Bﬁa+1(6)a5lﬂ(ﬁa +I(2)5¢ﬁa,ﬁ+1(6nﬂq§aiﬂ
— T8 gy Iy — P3— FOV OB
D{S)aéué+D(4)a5{05+A(2)a3u3+G‘(d)aéﬂu‘slp_}_G{S)aép(palp__B(3)txp3u3‘p
+ C(3)5paﬂu5.”ﬂ + C(é)aﬂapwﬂlpﬂ _ G(G)rx(ipu}‘ap . C(S)‘spaﬁulépﬂ

- 1{3)31,82-4-5 + I(S)ﬁa(;iﬂ_ I(é)«ﬁﬁw — Fe (34a—<)
and the boundary conditions are :

T =8 or  Su, =0,
T3 = 853 or  du, =0,
T =89 or g, =0,
T = 8 or duy, =0, (35)

where DY, G and K™% are given in Appendix B, T are given in Appendix C.
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5. NUMERICAL EXAMPLE

In order to assess the accuracy of the present theory, cylindrical bending of cross-ply
laminated circular cylindrical shell with simply supported boundary is examined in this
section. The exact three-dimensional elasticity solution (3DES) of the same problem has
been obtained by Ren (1987). As shown in Fig. 2, the shell has inner radius R and central
angle @, and is infinite in the §'-direction, so it is in a state of plane strain with the 6-6°
plane. Through simple derivation, it is found :

a,=1, a;,=R, a;=a; =0,

b” =1, b22= _R9 b12=b21 =09
3

I+ %, w=pui=0 (36)

m=1 p

Thus, the displacement components of the shell are:

vi=0, vy=piu,—0us,+hig,, vy =us, (37a—)
and the associated strain components are :

€2 = Wi(pduy , —0%us 2+ h3¢, 5 —byus),
€23 = 3(u3h3 s +b3h3)e,,

e =e=e;3=e;=0. (38a-f)

From Section 4, the problem considered in this section is deduced to solve the following
governing equations :

12222 2)2222 32222 1)223 _
CM2222y,) 5y —CP222y 50y + CO2220, 5, — By, = 0,

2)2222 92222 5)2222 3)322 1y322
c? uz.zzz—c( ) u3,2222+C( ) (02.222—G( ) “3,22+G( ) Uz,

_}_G(2)322¢2‘2_D(l)33u3 — <1+ %)pii,

3)2222 5)2222 62222 3)223 422
CO2222y, 5y —CO?22y; 50, + C 02220, 1, — B y5 , + DW= 0, (392—<)

with the boundary conditions:

u; =0, TW?=0, TP =0, TP?=0, at =0 and O, (40)

where

’

G

P -

o3

Fig. 2. The laminated circular cylindrical shell.
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T2 — C“mnum—C(2’2222u3_22+C")Zzzchz,z~B“’223u;,
322 2
T2 o oy, o u3‘22+C‘é’lzzz(pz‘z—B(])zz}u_;,

32 22222 #2222 52222 2223
T2 = CO222y, ) — CO222y 5, + CP2220, , — BP? Py,

.
“

It is clear that, if p> = p*(8%) can be expressed as

p= 3 P sing 02, (41)

n=1

the solutions of eqns (39a—c) are obtained as

nm - . hm
uy =y uPcos — 02, uy= 3 ufsin— 6%
n=1 ([) n=1 (p

0=y of cos%m, (42a-)
n=1

where #§”, 4§ and @} are determined by the following linear algebraic equations :

0
ki kiy ki uy 0
ki ki ki u(3") = 4 s (43)
ks ki kydle% (1 + E)Pm3

and the elements k; are given in Appendix D. With eqns (42a—), (37a-<), (38a—f) and
(15a,b), the displacement, strain and stress components of the shell can be calculated. Of
course, all of these components should be finally transformed in physical components,
namely,

1 1
Vey = E"z, Ve = Vi, €axny = —(R+03)2 €22, €3y = MR+93 €23,

Ty = (R+0)6%, 6050y = (R+0%)6™. (44)

As a special case, numerical computation is performed for a three-layer laminated shell
(0°/90°/0°) with ® = /3. The external load is taken as p> = p, sin 36°, and the engineering
elastic modulus and Poisson’s ratios are given as

E, = 25x10°psi (172 GPa), E; = 10° psi (6.9 GPa),
Gir = 0.5x 10° psi (3.4 GPa), Grr = 0.2 x 10° psi (1.4 GPa),
vir = vor = 0.25, (45)

where L denotes the direction parallel to the fibers, and T the transverse direction. The
components of the elasticity tensor E%/ can be obtained from eqn (45) (Jones, 1975). Figure
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1.2 |~

0.9 —

0.3 |~

0 L1 | L1 |
0 2 4 10 20 30 80

Igs
Fig. 3. Relationship between 7, and s(8* = =/3).

3 illustrates the relationship between dimensionless deflection v, of the shell and the ratio
s = (R+0.5h)/h, and Figs 4-6 illustrate the variations of dimensionless in-plane dis-
placement v,, in-plane normal stress ¢,, and transverse shear stress ¢, ; through the thickness
of the shell for s = 10. Here the dimensionless quantities are defined by

IOETV<3>

pohs*

g
, V= D Gy = 22 (46)

V3 = 3 s 22 s 23
Pohs DoS DoS

From the figures one can see that the present results are in good agreement with the
3DES (Ren, 1987), and especially, the transverse shear stress o2 satisfies the compatibility
conditions both at layer interfaces and on the bounding surfaces.

1.0—

0.8 -~

0.6 1

CERA

0.4 |~

0.2

Fig. 4. Variation of ¥, through thickness (6% = n/3).
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6. CONCLUSIONS

In this paper, a unified representation of displacement variation through the thickness
of a laminated shell has been obtained, which was given in eqn (5). Furthermore, by using
the approximate displacement assumption (26a,b) a linear theory of laminated shells
accounting for continuity conditions of displacements and transverse shear stresses at
layer interfaces as well as the compatability conditions of transverse shear stresses on the
bounding surfaces has been established. The governing equations (35a—) contain only five
unknowns: u,, u; and ¢@,. The numerical example indicated that the present theory is quite
accurate. By setting b = 0, a corresponding theory of laminated plates is directly obtained,
which is very similar to those proposed by Di Sciuva (1991), Chao and Parmerter (1992) ;
and by setting ¢, = n, = 0, the approximate displacement assumption (11a,b) will be
reduced to that adopted by Di Sciuva (1987), but the latter cannot fulfill the compatibility

Fig. 6. Variation of ¢,; through the thickness (6> = n/3).
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conditions of transverse shear stresses at layer interfaces and on the bounding surfaces
simultaneously.

It is worth noting, the expression (1) is useful in developing laminated shell theories
based on displacement assumption. Although in the present paper the displacement rep-
resentation (5) was obtained by using the Taylor expansions (4a, b), it does not mean that
the form of displacement representation must be unique. Actually, different forms of
displacement representation can be obtained by using eqn (1) and different expansions
which satisfy the condition (3). For example, one can replace egns (4a, b) by the following
Fourier expansions :

: < . nnb’ 6>
o050 = w0 0+ Y. [ué&s(e“;t)sm T Ul (65 D oos ]
n=1

) i 0 3_63
Ve (85 )=V (075 0) = Y ul)(0%; t)sinﬂt—@—hi)), m=12,...,k—1).

n=1

(47a,b)
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